In view of weak topology, this paper studies the conditions for C-and C*-embedded subsets of /c-spaces to be closed. For example, we have the following:
infinite subset of X. If we replace "C-embedded" by "C*-embedded", then we call such a space weakly well-separated. Clearly, the class of weakly well-separated spaces contain the well-separated spaces and also contain the spaces satisfying the condition (C): Each countable subset is C*-embedded. P-spaces, or more generally F-spaces satisfy the condition (C) ? [10; 14 N] .
Normal spaces, countably paracompact spaces [19; Proposition 2.1], and realcompact spaces (more generally, topologically complete spaces [14; Theorem 2.9] are well-separated. Recall that a space is topologically complete, if it is complete with respect to its finest uniformity. DEFINITION 1.2 . A space X is called isocompact [3] , if each closed countably compact subset of X is compact.
Semi-stratifiable spaces [6; Corollary 4.5] , subparacompact spaces [4; Theorem 3.5] , and topologically complete spaces [8; Lemma 3.1] are isocompact. DEFINITION 1.3 . Let % be a covering of a space X. Then X is said to have the weak topology with respect to %, if F CX is closed whenever FΠCis closed in C for each CG <£. (cf. [7; p. 131] ).
The following is an analogy of T. Isiwata [13; Theorem 1.3] . Recall that a subset S of X is relatively pseudocompact, if each /E C(X) is bounded on S, THEOREM 
Let X have the weak topology with respect to a covering ^ consisting of relatively pseudocompact subsets of X. Let S be well-separated and isocompact. IfS is C-embedded in X, then S is closed in X.
Proof Since X has the weak topology with respect to %, it has also the weak topology with respect to {C; CG^}. Thus, to prove the theorem, we need show only that SΠC is closed for each CE ( €. Suppose that, for some K E % SDK is not countably compact. Then there is a countably infinite, discrete closed subset of SDK, and hence of S. Since S is well-separated, there is an infinite subset D ={d n ; n = 1,2,
•} of K,and
But K is relatively pseudocompact, so that g | K is bounded. Hence g | K is also bounded. Thus / is bounded. This is a contradiction. Hence, 5 ΓΊ C is a closed and countably compact subset of S for each C G c €. Since S is isocompact, for each C E ^ S Π C is compact, hence is closed. This implies that S is closed in X.
ON CLOSEDNESS OF C-AND C*-EMBEDDINGS 285 DEFINITION 1.5. As a generalization of k -spaces. J. Nagata [22] introduced the notion of quasi-k -spaces and characterized such spaces as being precisely the quotient images of M-spaces. A space X is a quasik-space, if F CX is closed whenever FΠC is closed in C for every countably compact (not necessarily closed) subset C of X.
Since each countably compact subset is relatively pseudocompact, by Theorem 1.4, we have PROPOSITION 1.6. Let S be C-embedded in a quasi-k-space X. IfS is well-separated and isocompact, then S is closed in X.
As a generalization of M-spaces [17] , T. Isiwata introduced the notion of M'-spaces. (For the definition, see p. 358 in [12] Theorem 4.4] , the completion μX of X with respect to its finest uniformity is a paracompact M-space. Since a paracompact M-space is a k-space [22] , μX is a k-space. While, XCμXCvX [18] . Then S is C-embedded in μX. Thus, by Proposition 1.6, S is closed in μX. Hence S is a paracompact M-space and is closed in X. That completes the proof.
For 5 CX C vS, S is a dense and C-embedded subset of X. Then, by Proposition 1.6 we have a following modification of [13; Theorem 1.3] . PROPOSITION 1.8 . Let S CX C vS, and let Xbe a quasi-k-space. If S is well-separated and isocompact, then S = X.
2.
Conditions for C*-embedded subsets to be closed. First, we shall consider tfie closedness of C*-embeddings in sequential spaces.
The following Lemma is a modification of [10; 9 N]. Proof (1) is easily proved as in [10; Theorem 1.18 ], so we shall prove (2) . There is / G C(X) with Z(/) = {*}. Let {x n n = 1,2, •} be a sequence in S which converges to x, and let f{x n ) = a n . Then we can assume that, if n^ m then a n^ a m . Let At = {α 2n ; n = 1,2,
•}, Λ 2 = {a 2n +u n = l,2, •••}. Then A λ and A 2 are disjoint and closed in R-{0}. Thus there is ft <Ξ C*(R-{0}) such that h(A λ )=l, h(A 2 ) = -1. Suppose that S is C*-embedded in X. Then the composition h g G C*(S), where g = /1 S, has an extension F E C(X). But F(x) = {1, -1}. This is a contradiction. Thus S is not C*-embedded in X. THEOREM 2.2. Lef 5 be an F σ -set of X, or let each point of X be a Gδ-set.
(1) [2; Theorems 12 and 13]. If S is C-embedded in X, then S is closed in X.
(2) Let X be sequential If S is C*-embedded in X, then S is closed in X.
Proof. Part (1) is directly from Lemma 2.1(1), so we shall prove (2) . Suppose that S is not closed in X. Then there is a sequence in S which converges to a point x 0 0. S. Let Z = S U {x 0 }. Then the point x 0 is not isolated in Z, and since {x 0 } is a G δ -set of Z, it is a zero-set in Z. Thus, by Lemma 2.1(2), 5 is not C*-embedded in Z. But S is C*-embedded in X, and hence 5 is C*-embedded in Z. This is a contradiction. Thus S is closed in X.
Since a /c-space each of whose point is a G δ -set is sequential [15; Theorem 7.3] , we have COROLLARY 2.3. Let S be C*-embedded in a first countable space, more generally a k-space each of whose point is a G 8 -set. Then S is closed.
Since each countably compact subset of a sequential space is always closed, then we have COROLLARY 2.4. Let S be C*-embedded in a sequential space X. IfS is a countable union of countably compact subsets, then S is closed in X.
Every C-embedded subset of a pseudocompact space is also pseudocompact. On the other hand, a C*-embedded subset of a compact space need not be pseudocompact. But, when the whole space is sequentially compact (that is, each sequence has a convergent sequence), we have COROLLARY 2.5. Let S be C*-embedded in a sequentially compact space X. Then S is pseudo-compact. Moreover, when S is either weakly -separated, or an F σ -set of X, then S is sequentially compact.
Proof. Suppose that S is not pseudocompact. Then, by [10; ON CLOSEDNESS OF C-AND C*-EMBEDDINGS 287 Corollary 1.12], S contains a C*-embedded copy of the positive integers N. Since X is sequentially compact, there is a sequence T in N which converges to a point x 0 & N. Since N is considered as a C*-embedded subset of X, it follows that T, as a set, is a C*-embedded subset of TU{jt 0 }. But this is a contradiction to Lemma 2.1 (2) . Similarly, in case that S is weakly well-separated, S is countably compact. In case that S is an F σ -set of X, as in the proof of Theorem 2.2(2), S is also countably compact. Thus, in both cases, S is sequentially compact, because each countably compact subset of a sequentially compact space is also sequentially compact.
Second, we shall consider the closedness of C*-embeddings in k -spaces. PROPOSITION 2.6 . Let S be weakly well-separated, and let be C*-embedded in a k-space X. If S is either isocompact, or an F σ -set of X (resp. let S satisfy the condition (C) in Definition 1.1), then S is closed (resp. discrete and closed) in X, otherwise X contains a copy βN.
Proof Suppose that S is not closed in X. Then there is a compact subset C of X such that S Π C is not closed in X. Thus, since 5 is isocompact or an F σ -set of X, it follows that the closed subset S Π C of 5 is not countably compact. Then there is a countably infinite, discrete closed subset K of S Π C. Since 5 is weakly well-separated, K contains an infinite subset D which is C*-embedded in S. Hence D is C*-embedded in X. This implies that D is C*-embedded in C, so that βD = cl β cD. Clearly βN = βD and c\ βC D = D C CX. Then X contains a copy of βN. The proof is similar for the case that S satisfies condition (C). Indeed, if S Π K is infinite for some compact subset K of X, then X contains a copy of βN. If 5 Π C is finite for each compact subset C of X, then 5 is closed in X. Thus, S has the weak topology with respect to {5 Π C; C is compact in X}. But each 5 Π C is finite, so 5 is discrete. COROLLARY 2.7. Let S be C*-embedded in a countably compact k-space X. Suppose that X does not contain a copy of βN. Then S is pseudocompact. If S is weakly well-separated, then it is countably compact.
Proof Suppose that X is not pseudocompact. Then, by [10; Corollary 1.21], S contains a C*-embedded copy of N. Thus N is considered as a C*-embedded subset of X. By Proposition 2.6, N is closed in X. But, since X is countably compact, this is a contradiction. In case 5 is weakly well-separated, similarly, S is countably compact. (4) . Let K be the product of \A\ copies of {1,2}. Then, by the hypothesis the compact subset K of X is determined by countable subsets. introduce the notion of weakly sequential spaces. A space X is weakly sequential, if F C X is closed whenever F D C is closed in C for each sequentially compact subset C of X. PROPOSITION [25] , then it is weakly sequential, (2) Every quotient image of a weakly sequential space is also weakly sequential.
(1) If a k-space is orderable in the sense of
(3) Every weakly sequential space is precisely a quotient image of a locally sequentially compact space.
Proof. (1) From [25; Corollaries 1.4 and 1.9] , each compact and separable subset of an orderable space is first countable, hence is sequentially compact. Then each compact subset of an orderable space is sequentially compact, which implies (1). (2) & (3) (2) requires only routine verification, and (3) is proved similarly to [15; Theorem 6.E.3] . LEMMA 
Let SCX be weakly sequential If βNCX, then S D βN is discrete.
Proof. Let S have the weak topology with respect to the covering ĉ onsisting of all sequentially compact subsets of S. Since S Π βN is closed in S, it has the weak topology with respect to {C Π βN; CE %!}. But, C Π βN is finite for each CE^, because each convergent sequence in βN is finite (for example, see [10; 6 O] ). Thus S Π βN is discrete.
A discrete and C*-embedded subset of a compact (resp. countable) space need not even be closed. Indeed, we consider a subset N of βN (resp. of N together with one point of βN-N). But we have THEOREM 2.15. Let S be weakly well-separated, and let be C*-embedded in a k -space X. For each compact subset K ofX, let there be a sequence {K n ; n = 1,2, •} of compact subsets such that, K = U" =ι K n and each K n has any of the following properties.
(1) Hereditary normality (2) Hereditarily countable paracompactness (3) Hereditary isocompactness (4) It is determined by countable subsets, (5) Weakly sequential space.
If S is either isocompact, or an F σ -set of X (resp. if 5 satisfies the condition (C) in Definition 1.1), then S is closed (resp. discrete and closed) in X.
Proof Suppose that S is not closed in X. Then, by Proposition 290 YOSHIO TANAKA 2.6, X contains a copy K of βN. By Lemma 2.14, we can assume that each K n has any of the properties (l)- (4) .
Let P = Γ be the product of 2 M° copies of the unit interval /. Then P has a countable dense subset D. Let / N-^Dbea map. Then / is extendable to g: βN^P.
Since D is dense in P and βN is compact, g is a surjection. Then P = U~=i g(K n ). Let g n = g | K n and C n = g(K n ). Then g n is a perfect map. Hence, g n | gή*(A) is perfect for every subset A of C n . Then, since K n has any of the properties (ί}- (4) , C n has also any of these properties. (As for invariance of these properties, refer to [26; Theorem 9] , [11; Theorem 2, 2] , [3; Theorem 2.6] , and [15; Lemma 8.4] 
respectively).
On the other hand, the space P contains a copy of the product Q = N c . Thus, O is considered as a union of countably many C n Π Q, and each C n Π Q has any of the properties (l)- (4) Proof, (a) Let K be a compact subset of X. Then K = U^=i K n , where K n = K Π F n . Here, by [4; Theorem 3.5] (resp. [15; Lemma 8.4J Proposition 2.13), hereditarily subparacompact spaces (resp. hereditarily separable spaces; quotient spaces of orderable k-spaces) are hereditarily isocompact (resp. determined by countable subsets; weakly sequential). Thus, since each K n is a compact subset of F n , it is easy to check that each K n has any of the properties (l)- (5) (b) We shall prove that each compact subset K of X is hereditarily isocompact. In case that F n is a locally sequential space (in fact, F n is sequential), K n ( = K Π F n ) is sequential. Thus, since K n is compact, K n is hereditarily isocompact, for each countably compact subset of a sequential space is always closed. Consequently, in case (b), each compact subset of X is a union of countably many closed and hereditarily isocompact subsets. By [3; Theorem 2.1], this implies that each compact subset of X is hereditarily isocompact. Thus, since 5 is weakly well-separated, from the proof of Proposition 2.6, S is closed in X, otherwise X contains a copy βN. But, since each K n is hereditarily isocompact, from the proof of Theorem 2.15, X does not contain a copy of βN. Hence 5 is closed in X. That completes the proof.
Since each closed subset of a normal space is C*-embedded, by 
